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Fig. 1 Normalized variance of response to linearly de-
creasing random excitation.
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The results for Case 1 for several values of « are shown in
Tig. 1 as a function of nondimensional time § = wyt; the
results for Case 2 are shown in Fig. 2. For both cases, the
damping was assumed to be 5% of eritical. In Case 1, the
excitation is suddenly applied and decreases linearly with
time. In Case 2, the excitation is suddenly applied and de-
creases exponentially with time. TFor both cases, integra-
tion over n and %" in Eq. (8) has been performed analytically
to obtain a closed form expression [or the integrand as a
function of time ¢ and frequency w. The remaining integral
over w was evaluated numerically to give the results shown
in Figs. [ and 2.

When awit = 1 for Casc [, the excitation has become
zero and from that time on the response will simply decay as
a damped free oscillation. The end point on each curve in
Fig. 1 represents the time at which the excitation has disap-
peared and represents the variance ab time (wit = «1).
The curve for a = 0 corresponds to the response to a suddenly
applied stationary excitation and is identical to results given
by Caughey.8

TFigure 2 shows that, for Case 2, the variance of the response
approaches zero as time increases for all positive values of «.
This occurs because the level of the cxcitation decreases
quickly at first but then very slowly approaches zero as time
increases to large values. The damping of the system dis-
sipates energy over the entire time interval. The large
amount of energy received initially is dissipated. The re-
sponse then decreascs toward zero along with the excitation.

When a = 0, the equations for ¢,2(t) for Cases 1 and 2 be-
come identical. Thus, the curves in Figs. 1 and 2 for = 0
are the samc; they provide a convenient measure for the
differences in ¢,%(¢) for the two cascs.

Discussion

The method used here can be applied to calculate the re-
sponse of launch vehicles to nonstationary random excita~
tion which can be written in the separated form of Eq. (1).
The examples given illustrate how the method is applied to a
1-degree-of-freedom  system. The numerical results show
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Fig. 2 Normalized variance of response to exponentially
decreasing random excilation.
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how the variance of the response changes with time. In an
actual dynamic loads problem, of course, the choice of the
function f(¢) and the power spectral density of ¢(¢) would be
based on knowledge of the actual excitation of the vehicle.
This knowledge would come from wind tunnel data, flight
measurements, an estimate based on practical experience,
or a combination of these. The method presented here
can use this best estimate of the vehicle excitation to deter-
mine the nonstationary vehicle response.
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Note on Coplanar Orbit Transfers
by Tangential Impulses at Apse Points

ErnsT D. Dickmaxns®
Institul fir Flugmechanik, Oberpfaflenhofen, Germany

HIS note does not contain any new results, but it is in-

tended to give a simple and easy-to-memorize presenta-
tion of well-known solutions to some special minimum im-
pulse transfer problems.  The orbit of a body may be thought
to have been generated at its apse point(s) by applying an
impulse normal to the radius veetor from the central mass to
the body which had been at rest previously. The body
at rest at a distance vy from the center of attraction is inter-
preted to be at the apocenter of a degenerate ellipse with
eccentricity e = 1 and angular momentum A = 0. 'To disecern
between the apocenter and pericenter of an cllipse, the sign
of the eccentricity is chosen by considering ¢’ = e cose, where
¢ ismeasured {rom the pericenterline and may have the values
0 and 7. Now, the state of the body at rest is specified
entirely by ro, ¢’ = —1,and h = 0.

On a plot with the square of the angular momentum 5?
and the eccentricity ¢ as coordinates, all orbits generated by
impulses normal to radius vector from the central mass are
represented by points on a straight line from ¢/ = —1 (Fig.

Received July 13, 1965; revision received May 23, 1966.
This idea has been pursued during a NASA Fellowship at Prince-
ton University, sponsored by the Minister of Scientific Research,
Federal Republic of Germany.

* Dipl. Ing., Deutsche Versuchsanstalot fiir Luft-und Raum-
fahrt e.V.



AUGUST 1966

=0

-~

e rofor e
~

e

-

~gircuiar orbits
S~
rabolic_orbits

a
N “\ )
4\4

-1 o] 1 , 2

i
peo o N

Fig. 1 Orbit generation by impulses normal to the rvadius
vector from a central mass to a body at rest at a distance ro.

). The slope of this line
d(h?)/de’ = ry GM

ix proportional to the initial distance 7o from the central body.
For coplanar orbits, with the same center of attraction and
axis orientation, the orbit is specified entirely by two quan-
tities, e.g., angular momentum A and cccentricity e.  How-
ever, in the presentation chosen, each elliptic orbit occurs
twice, once in an apocenter (¢/ < 0) and once in a pericenter
(¢/ > 0) point. Thix may be unified by mirroring the (e’ <
0) part at the e = 0 axis.

Now cach orbit 15 represented by one point, and tangential
mmpulses at apse points show up as line segments on the rays
originating from the points A = 0, ¢’ = =1. Tangential
impulses at the apocenter of an elliptic orbit lie on rays from
¢’ = | and those at the pericenter lic on rays from e’ = —1.
Instead of crossing the centerline ¢ = 0, they are reflected
at it, indicating that the former apocenter is now pericenter
and vice versa.

This graph permits a simple presentation of coapsidal and
cotangential impulsive transfers. It has been shown by
Ting! and recently for the special case of transfers starting
from a circular orbit by Moyer,? that this class furnishes the
minimum impulse transfers between coplanar elliptic orbits
with free axis-orientation,

By scaling all orbits by the initial orbit angular momentum,
the initial orbit lies on the line A2 = 1. Candidates for the
minimum mpulse transfer from an initial orbit 1 to a final
orbit are shown in Fig. 2. There are orbit regions in the
J? e-planc to which two impulse transfers like -V-P or
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Fig. 2 Candidates for minimum impulse orbit transfers
between coapsidal ellipses.
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Fig. 3 Transfer from circular initial orbit: a) outbound,

b) inbound.

ASV-P? vield minimum velocity requirement (the initial
orbit .1 lies in this vegion); and there are other regions to
which the minimum impulse transfer goes via three impulses,
one of them applied at » = « on the parabolic orbit H,
(A-H-T-T).

To the author’s knowledge, the boundary between these
regions, depending on the eccentricity e, of the starting
ellipse, is not known entirely. However, in Ref. 3, a pro-
cedure is devised for generating any optimum n-impulse
transfer.  For the special case of ¢ = 0, the numerical solu-
tion 1x given in Ref. 2 and is partly reproduced in Fig. 3 with
the proposed ordinate scale.  Within the region AMRJF DA,
the two-impulse Hohmann-like transfer yields the minimum
velocity requirement. Outside this region, the absolute
minimum is furnished by three impulse mancuvers, in which
the first impulse always transfers the vehicle to a parabolic
orbit I/, At r = o, an infinitesimal impulse theoretically
permits the orbit to be changed to any parabolic one repre-
sented on the vertical line radiating from e = 1. Finally,
a third impulse at the apse point of the new parabola transfers
the vehicle to the target orbit.

Although the three-impulse transfer yields the absolute
minimum AV outside the lines DI and M RJ, within the re-
gions DEFD and MRJKLM, the two-impulse transfer still
furnishes a local minimum. Target orbits represented by
points above line 17 lie entirely outside the original circular
orbit; those below line 1@ are entirely inside. Final orbits
in the region 1//GA interscet the starting orbit.  For both
two- and three-impulse nonintersecting inbound transfers,
the final impulse is applied at the periapsis opposing the
velocity vector.  Therefore, the borderlines where the two-
mpulse transfer ccases to be globally minimizing (MR),
and where it stops being locally minimizing (LK), have to
be rays from the degenerate orbit point ¢/ = —1, A = 0.
The orbits on each of these lines all have the same pericenter
distance given by the slope of these rays.
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